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Part 7: Models of Network Formation 
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Generative network models 

l  The network models we have seen until now are mainly 
used to study structural properties of networks 
§  I.e., some parameters are fixed (e.g., number of nodes, number 

of edges, degree distribution etc.) and we study the properties 
of the graph (e.g., path lengths, component sizes etc.) 

l  There are other network models that model the 
mechanism that drive the network formation 
§  If the structures resemble real world structures, then this 

mechanism might be at work in real networks 
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Price Model 

l  Many real world networks exhibit power law distributions 
§  What are the underlying processes ?  
§  How can power laws be generated ? 

l  Price was the first to propose a single and elegant model 
of network formation 
§  He was studying citation networks but his model was inspired by 

the work of Hebert Simon, an economist 
§  Simon proposed and explanation for the wealth distribution  

ü People who have more money already, gain more at a rate 
proportional to how much they already have 

ü This can lead to power law distribution for the wealth 
o  “Rich-get-richer”, “cumulative advantage”, “preferential 

attachment”  4 



Price Model 

l  Price adopted with modifications Simon’s model in the 
context of (citation) networks 
§  Every new paper (node of the graph) cites on average c other 

papers (c is thus, the average out degree) 
§  This newly appearing paper cites previously published papers at 

random 
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NOT uniformly at random 

At random with probability proportional to the  
number of citations those previous papers have 



Price Model 

l  The above cannot be precisely true 
§  A newly published paper has zero citations à a strict 

proportionality rule would give 0 citations to this paper from then 
on 

l  Price added a constant factor a > 0 to the citation 
probability 
§  Some citations come for “free” 
§  An alternative interpretation of this factor is that a part of the 

papers that one cites are chosen uniformly at random, while the 
rest are chosen with a probability proportional to the citations 
these other papers already have 
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Price Model 

l  How to initialize the model? 
§  At the limit of a large network the initialization does not alter any 

of the predictions 
§  Hence, we can start with a few papers that have zero citations 

each 
l  In summary, 

§  Price’s model is a growing network 
ü New nodes are added continually and never removed 

§  Average out degree is c 
§  The citations a paper receives are proportional to its in degree 

and a constant factor a 
§  The model allows for multi-edges but as with random graphs 

they do not affect the results at the limit of large network 
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Price Model 

l  Price model creates acyclic graphs 
§  This aligns with the initial goal to model citation networks  
§  What about other directed networks that are not acyclic? E.g., 

the Web 

l  What is the in-degree of vertices in the price model? 
§  We denote for simplicity the in-degree of vertex j as qj 
§  Let pq(n) be the fraction of vertices that have in-degree q when 

the total number of vertices in the network are n 
§  What happens when a new vertex is added in the network? 
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Price Model 

l  This new vertex will create new citations/edges 

l  The probability that a new edge points to a node i is 
proportional to qi+a: 

§  This new vertex has c citations à the expected number of new 
in edges of node i is c times the above quantity 

l  The expected number of new edges pointing to vertices of 
in-degree q is: 
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qi + a
(qi + a)i∑

=
qi + a

n q + na
=

qi + a
n(c+ a)

npq (n)× c×
q+ a
n(c+ a)

=
c(q+ a)
c+ a

pq (n)



Price Model 

l  Let’s calculate what is the number of vertices with degree 
q after the addition of this new vertex 
§  A node with in-degree q can appear because a node with 

degree q-1 received a new citation 
§  However, a node with in-degree can disappear because it 

received a new citation and hence, its in-degree is now q+1 

l  Hence the expected number of nodes with in-degree q 
when we add one vertex (i.e., total nodes n+1) is: 
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(n+1)pq (n+1) = npq (n)+
c(q−1+ a)
c+ a

pq−1(n)−
c(q+ a)
c+ a

pq (n)

Master equation 



Price Model 

l  The master equation we saw previously does not hold true 
as is for the case of q=0 
§  There are no vertices of lower in-degree so the second term 

cannot appear 
§  However, when we add a new vertex its in-degree is by default 

0 à we add one node of degree 0 

l  Let’s examine the asymptotic behavior of the distribution 
§  Assuming that it indeed converges for large n, we use the 

shorthand pq=pq(∞)  
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(n+1)p0 (n+1) = np0 (n)+1−
ca
c+ a

p0 (n)



Price Model 

l  Then we get: 

l  Re-writing the above equations we can get: 

l  After some involved (but only algebraic) calculations pq 
can be written as: 

§  B(x,y) is the Euler’s beta function 
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(14.4) 
  

The number of vertices with in-degree q in the network after the addition of a single new vertex is 
(n + 1)pq(n + 1) which, putting together the results above, is given by

 

(14.5) 
  

The first term on the right-hand side here represents the number of vertices previously of in-degree 
q, the second term represents the vertices gained, and the third term the vertices lost. 

Equation (14.5) applies for all values of q except q = 0. When q = 0 there are no vertices of 
lower degree that can gain an edge to become vertices of degree zero, and hence the second term in 
Eq. (14.5) doesn’t appear. On the other hand, we gain a vertex of degree zero whenever a new 
vertex is added to the network, since by hypothesis papers have no citations when they are first 
published. Since exactly one vertex is added in going from a network of n vertices to a network of 
n + 1, the appropriate equation for q = 0 is:

 

(14.6) 
  

Now let us consider the limit of large network size n ĺ � and calculate the asymptotic form of 
the degree distribution in this limit.209 Taking the limit n ĺ � and using the shorthand pq = pq(�), 
Eqs. (14.5) and (14.6) become

 

(14.7) 
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p0 =
1+ a / c
a+1+ a / c

, pq =
q+ a−1

q+ a+1+ a / c
pq−1

pq =
B(q+ a, 2+ a / c)
B(a,1+ a / c)



Price Model 

l  It can further been shown that:  

§  Where Γ(y) is the gamma function 
§  Hence for large x, B(x,y) falls off as a power law with exponent y 

l  Using the above results we can see that for large values of 
in-degree: pq~(q+a)-α or simply pq~q-α 
§  α=2+(a/c) 

l  While the Price model does not consider many aspects of 
the citation process, even with its overly simplistic 
assumptions can reproduce structures similar to the ones 
emerging in real life 
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B(x, y) ≅ x−yΓ(y)



Price Model – The constant factor a 

l  Based on Price model the probability that an outgoing 
edge attaches to vertex i is: 

l  Let’s consider a slightly different process with which we 
do the following: 
§  With probability φ we attach the edge to a vertex chosen strictly 

in proportion to its current in-degree: 

§  With probability 1-φ , we attach the edge to a vertex chosen 
uniformly at random from all n nodes, that is, the probability for 
each vertex getting the edge is 1/n 
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θi =
qi + a
n(c+ a)

qi
qjj∑
=
qi
nc



Price Model – The constant factor a 

l  Hence the total probability of attaching to vertex i via this 
process is: 

l  By choosing φ=c/(c+a) we get: 

§  So an alternative way for running the Price model is: 
ü With probability c/(c+a) choose a vertex in strict proportion to in-

degree. Otherwise choose a vertex uniformly at random from the 
set of all vertices 
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θi
' =ϕ

qi
nc
+ (1−ϕ ) 1

n

θi
' =

c
c+ a

qi
nc
+ (1− c

c+ a
) 1
n
=

qi + a
n(c+ a)

=θi



Barabasi-Albert Model 

l  The most well-known generative model for power law 
distribution is that of Barabasi-Albert 
§  Also known as “preferential attachment” 
§  Deals with undirected networks 

l  Vertices are added one by one 
§  Each new vertex creates exactly c edges 
§  Each edge is attached to a vertex i randomly with a probability 

directly proportional to i’s degree ki 
§  Since vertices and edges are never removed the minimum 

degree in the network is c 
ü For this we would need to initialize the network with m0 nodes with 

c edges each (c < m0) 
16 



Barabasi-Albert Model 

l  Barabasi-Albert (BA) model is a special case of Price 
model 

l  Let’s assume that each edge has a direction from the 
newly created vertex to the old vertex chosen to be 
attached 
§  The out-degree of every vertex is exactly c 
§  The total/undirected degree of vertex i is then ki=qi+c, where qi 

are the edges that point to i  
§  Given that the probability in the BA of an edge attaching to a 

node is simply proportional to ki, this means that it is 
proportional to qi+c 
ü This is the Price model with a=c 
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Barabasi-Albert Model 

l  Hence the distribution of the in-degree for this “directed” 
version of the BA networks is: 

l  Substituting q+c with k we get the degree distribution for 
the undirected BA network: 

§  In the limit of large k, pk~k-3 
ü Power law with exponent α=3 
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pq =
B(q+ c,3)
B(c, 2)

pk =
B(k,3)
B(c, 2)

, k ≥ c

0, k < c

"

#
$

%
$

⇒ pk =
2c(c+1)

k(k +1)(k + 2)
,k ≥ c



Barabasi-Albert Model 

l  BA model is 
§  Simple – no requirement for setting parameter a 
§  Degree distribution can be expressed without the need of beta 

or gamma functions 

l  However it comes with the price of being able to create 
power law degree distribution with only one exponent 
(α=3) 
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Effect of time creation on degree distribution 

l  Consider again the general preferential attachment model 

l  pq(t,n) is the probability that a node created in time t, will 
have degree q after at time n 
§  Time is discrete and increases every time a new node is created 

ü t=1 corresponds to the creation of the first node and so on 

l  In general, it is easier to use instead of the above 
probability its density  
§  We rescale the time using: 
§  Then we have πq(τ,n) being the density, that is, πq(τ,n)dτ is the 

probability that vertices created in the interval [τ, τ+dτ] have 
degree q after absolute time n 
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τ =
t
n



Effect of time creation on degree distribution 

l  Using again the master equation method we can obtain a 
differential equation for the density function 

l  Eventually we get: 
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π q (τ ) =
Γ(q+ a)

Γ(q+1)Γ(a)
τ ca/(c+a) (1−τ c/(c+a) )q

(14.55) 
  

 

(14.56) 
  

These results suggest the general solution (first given by Dorogovtsev et al. [99])

 

(14.57) 
  

where we have made use again of the convenient property of the gamma function derived in Eq. 
(14.17) as well as the result that ī(n + 1) = n! when n is a positive integer.214 With a little work you 
can verify that this is indeed a complete solution of Eq. (14.49) for all q. As a check we can also 
integrate over Ĳ to find the total fraction of vertices with in-degree q and confirm that the result 
agrees with Eq. (14.21). We leave this calculation as an exercise for the reader.215 

Let us take a moment to examine the structure of our solution for ʌq(Ĳ) and see what it tells us 
about the network. The general shape of the solution is shown in Fig. 14.3. Panel (a) shows the 
distribution of creation times Ĳ for vertices of given in-degree q for various values of q and for each 
value there is a clear peak in the distribution, indicating that vertices of a given degree are 
concentrated around a particular era in the growth of the graph. As degree increases, that era gets 
earlier, so that the times of creation of vertices that ultimately achieve high in-degree are strongly 
concentrated around the beginning of the growth process. 

 

 

 

 

 

 



Effect of time creation on degree distribution 

l  As we can see nodes of a specific degree are concentrated 
around a particular era in the growth of the graph 
§  The higher the degree the earlier this era is 

l  If we focus now on nodes that were created around the 
same era in the growth of the graph, we see that their 
degree distribution differs 
§  Older nodes exhibit flat degree distribution, while as we move to 

younger nodes we see an exponential decay 
§  There is no power law if we focus on nodes that were created 

around the same time 
ü However, when we integrate over all times τ we see the power law 
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Extensions of preferential attachment 

l  Price and BA models include many oversimplified 
assumptions for the way networks grow 
§  In particular, they assume that nodes and edges are only 

created (never deleted) and a vertex can initiate new edges only 
at the time of creation 

l  While these assumptions might hold with good 
approximation for citation networks they do not hold true 
for other types of networks 
§  In Web links are not permanent and can be created at any time 
§  Entire webpages can also disappear (vertex removal) 
§  Why the preferential attachment should be linear in the degree? 
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Addition of extra edges 

l  While in citation networks no new edges can be created by  
a vertex after the time of the node generation this is not 
true for the majority of the networks 

l  A network evolution model that can deal with the creation 
of new edges is the following: 
§  At each step the new node creates exactly c new edges which 

attach to other vertices with probability proportional to degree k 
§  In addition, at each step some number w of extra edges are 

added to the network with both ends attaching to vertices 
chosen proportional to their degree 
ü Thus, when the network has n vertices it will have n(c+w) edges 
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Addition of extra edges 

l  Every new node brings c+2w possibilities for every 
existing node to attach to a new edge 

l  The normalization factor for the attaching probabilities is 
the sum of the degree of all nodes 
§  This is equal to twice the number of edges, that is, 2n(c+w) 

l  The number of nodes with degree k that will attract one of 
the new edges is: 

§  pk(n) is the fraction of nodes with degree k when the network 
has n vertices 
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npk (n)× (c+ 2w)×
k

2n(c+w)
=
c+ 2w
2(c+w)

kpk (n)



Addition of extra edges 

l  We can then write the master equation: 

l  Taking the limit of large n and solving the equations we 
get: 

§  Again if we take the asymptotic behavior of Beta function we 
see that the degree distribution has a power law tail with 
exponent a 
ü For w=0 we get a=3 as we should have expected (BA model) 
ü For w>0, we get 2<a<3 
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(n+1)pk (n+1) = npk (n)+
c+ 2w
2(c+w)

[(k −1)pk−1(n)− kpk (n)], k > c

(n+1)pc (n+1) = npc (n)+1−
c+ 2w
2(c+w)

cpc (n), k = c

pk =
B(k,a)
B(c,a−1)

, a = 2+ c
c+ 2w



Removal of edges 

l  Edges can be removed as well in many networks 
§  Here we begin with an extension of the original BA model to 

account for deletion of edges at each step (edge additions are 
still only happening at the initial creation of a vertex) 

§  In particular, at each step a new vertex is created with c edges 
associated with him 
ü These edges are attached to existing nodes with the original BA 

process, that is, proportional to the exiting nodes degrees 
§  At each step we also remove u edges from the existing ones 

ü The edges that are deleted are picked uniformly at random 
ü The probability that a node of degree ki loses one of its edges is:  
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2ki
kii∑



Removal of edges 

l  In order for the edges in the network to grow and not 
shrink with time it needs to hold: u<c 

l  The total number of edges after n steps is n(c-u) 

l  When writing the master equation we need to be careful 
since there are more ways now to get nodes of degree k 
§  The expected number of vertices of degree k that will get a new 

edge at the (n+1)th step is: 

§  The expected number of vertices of degree k that will lose one 
edge at the (n+1)th step is: 
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npk (n)× c×
k

2n(c−u)
=

c
2n(c−u)

kpk (n)

npk (n)×2u×
k

2n(c−u)
=

u
c−u

kpk (n)



Removal of edges 

l  As it should be evident nodes now can have degrees less 
than c as well 

l  The master equation takes the following form: 

§  These equations can be combined to: 

ü Problem arises for k=0, since it involves p-1(n).  To overcome this 
problem we define p-1=0 
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(n+1)pk (n+1) = npk (n)+
c

2(c−u)
(k −1)pk−1(n)+

u
c−u

(k +1)pk+1(n)−
c

2(c−u)
kpk (n)−

u
c−u

kpk (n), k ≠ c

(n+1)pc (n+1) = npc (n)+1+
c

2(c−u)
(c−1)pc−1(n)+

u
c−u

(c+1)pc+1(n)−
c

2(c−u)
cpc (n)−

u
c−u

cpc (n), k = c

(n+1)pk (n+1) = npk (n)+δkc +
c

2(c−u)
(k −1)pk−1(n)+

2u
2(c−u)

(k +1)pk+1(n)−
c+ 2u
2(c−u)

kpk (n)



Removal of edges 

l  This extension of BA model accounts only for removal of 
edges, while it allows creation of edges only during the 
initial creation of a vertex  

l  We can easily add to the above process the addition of w 
edges (on top of the c edges created by the new vertex) at 
every node creation instance  
§  The master equation takes the form: 

§  In this case we require u<w+c 
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(n+1)pk (n+1) = npk (n)+δkc +
c+ 2w

2(c+w−u)
(k −1)pk−1(n)+

u
c+w−u

(k +1)pk+1(n)−
c+ 2w+ 2u
2(c+w−u)

kpk (n)



Removal of edges  

l  Taking the limit of large n we can obtain the equations for 
pk 
§  However, as we can observe they are different in some aspect 

from what we have seen until now 
§  In particular, they involve probabilities for 3 degrees 

ü k-1, k and k+1 

l  The presence of three different degree terms makes it 
substantially more difficult to solve 
§  We need to make use of the generating functions and 

eventually we obtain a first-order linear differential equation 
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Removal of edges 

l  The final result for a large k (and u<w+(1/2)c) is: 

l  As we can see this extension of the model provides a 
power law tail again 
§  The exponent can take values both greater and smaller than 2 
§  However, for u=w+(1/2)c, the exponent becomes infinite 

ü At this point we lose the power law behavior and the distribution 
becomes a stretched exponential 

§  Also for u >w+(1/2)c, the solution becomes nonsensical and we 
need to solve the differential equation with other methods 
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pk ~
Γ(a−1)
(1−γ )a−1

k−a, a = 2+ u−w
c+ 2w− 2u

γ =
2u

c+ 2w



Non-linear preferential attachement 

l  In the models that we have considered until now the 
attachment is linear to the degree of a vertex 
§  However, there is no apparent reason for such a linear process 
§  In fact, there are studies that have found that in some networks 

the attachment of edges is non-linear 
ü Goes as some power γ of the degree different than 1 

l  What is the effect of a non-linear preferential attachment 
process? Do we still see power laws? 
§  The answer depends on the actual form of the attachment 

process 
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Non-linear preferential attachment  

l  We define an attachment kernel ak as the functional form 
of the attachment probability 
§  For instance for BA model ak=k 

l  The attachment kernel is not the attachment probability 
§  The correctly normalized attachment probability for a vertex with 

degree ki is: 
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aki
akjk j

∑



Non-linear preferential attachment  

l  Let us consider an identical to BA model with a general 
attachment kernel 
§  Then, the expected number of vertices of degree k that will 

receive an edge during the next vertex addition is: 

§  Where,  

l  The master equation becomes:  
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npk (n)× c×
ak
akjj∑

=
c

µ(n)
ak pk (n)

µ(n) = 1
n

aki
i=1

n

∑ = ak pk (n)
k
∑

(n+1)pk (n+1) = npk (n)+
c

µ(n)
ak−1pk−1(n)− ak pk (n)[ ], k > c

(n+1)pc (n+1) = npc (n)+1−
c

µ(n)
ac pc (n), k = c



Non-linear preferential attachment 

l  Taking the limit of large n we get: 

§  µ depends on the degree distribution but since it is independent 
of k we can still solve the above set of equations 
ü We solve having pk=f(µ) and at the end we utilize the definition of µ 

to get it’s value 
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pk =
c
µ
[ak−1pk−1 − ak pk ], k > c

pc =1−
cac
µ

pc k = c

pk =
µ
cak

1+ µ
car

!

"
#

$

%
&

−1

r=c

k

∏

µ = ak pk
k=c

∞

∑ =
µ
c

1+ µ
car

!

"
#

$

%
&

r=c

k

∏
−1

⇒
k=c

∞

∑ 1+ µ
car

!

"
#

$

%
&

r=c

k

∏
−1

= c
k=c

∞

∑

The last equation is usually hard to 
 solve in a closed form.  

However, even without a value for µ  
we can still get many interesting results. 



Non-linear preferential attachment 

l  Assuming ak=kγ we can get some idea for the differences 
from linear preferential attachment  
§  ½ < γ < 1: 

ü Stretched exponential 

§  1/3 < γ < ½: 

§  And similar solutions for other cases  
ü For instance for γ>1 (super linear) the typical behavior is for one 

vertex to emerge as the leader in the network, gaining a non-zero 
fraction of all edges, with the rest of the vertices having small 
degree (almost all having degree less than some fixed constant) 
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pk ~ k
−γ exp −

µk1−γ

c(1−γ )
"

#
$

%

&
'

pk ~ k
−γ exp −

µk1−γ

c(1−γ )
+

µ 2k1−2γ

2c2 (1− 2γ )
"

#
$

%

&
'

Falls slower than a pure exponential, 
but still faster than power law 



Vertices of varying quality or attractiveness 

l  The models we have seen until now consider the current 
vertex degree as the only feature that plays role in the 
attractiveness of a node obtaining new connections 

l  If we allow for variations in the intrinsic quality or 
attractiveness of vertices, the power law behavior is lost 
§  The degree distribution of vertices with the same attractiveness 

(or fitness as it is called) still follows power law distribution 
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Vertices of varying quality or attractiveness 

l  Vertices are added as before in the BA model 
§  Each vertex i now has a fitness value ηi assigned to them at the 

time of creation 

§  ηi is a real value 
ü η is drawn from a probability distribution ρ(η) such that the 

probability that the fitness value falls in [η, η+dη] is ρ(η)dη 

l  The kernel attachment ak(η) depends now on both the 
degree of the node and the fitness 
§  Simplest form: ak(η)=kη 
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Vertices of varying quality or attractiveness 

l  Let us define pk(η,n)dη as the fraction of vertices with 
degree k that have fitness in [η, η+dη] when the network 
has n vertices 

l  Writing down the master equation again at the limit of 
large n we have: 
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pk (η) =
c
µ
ak−1(η)pk−1(η)− ak (η)pk (η)[ ], k > c

pc (η) = ρ(η)−
cac (η)
µ

pc (η), k = c

µ =
1
n

aki
i=1

n

∑ = ak (η)pk (η)dη
−∞

∞

∫
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∞

∑
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Vertices of varying quality or attractiveness 

l  If ak(η)=kη we have: 

§  Given that beta function for large k follows a power law with 
exponent its second argument, we have that the degree 
distribution of vertices of a given fitness η has power law tail 
with exponent:  

 
l  The overall degree distribution depends on the fitness 

distribution ρ(η) 
§  If η is broadly distributed, the degree distribution will be a sum 

over power laws with a wide range of exponents, which will not 
in general yield another power law  
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pk (η) = ρ(η)
B(k,1+ µ

cη)
B(c, µ cη)

α(η) =1+ µ
cη



Vertices of varying quality or attractiveness 

l  What is the average degree? 
§  Short answer: 2c (there are c edges added for every vertex) 
§  The computation reveals something interesting for the model 

that cannot be captured from pk(η) 

§  The above result for the sum works only if η<µ/c 
ü If this is not satisfied the average degree of the network is diverging  

o  This cannot be true since it is clear that the average degree is 
2c 
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where we have made use of Eq. (14.17) and B(x, y) is Euler’s beta function, Eq. (14.19), again. 
Substituting into Eq. (14.127), we then find that

 

(14.129) 
  

We showed previously that the beta function goes as a power law B(x, y) ѝ xíy for large values 
of its first argument (Eq. (14.25)) so Eq. (14.129) implies that the distribution of the degrees of 
vertices with a particular value of the fitness Ș has a power-law tail with exponent

 

(14.130) 
  

However, the overall degree distribution for the entire network may or may not have a power-law 
tail, depending on the distribution ȡ(Ș). It is clear that it is a power law for some choices of ȡ(Ș)ü
for example the trivial choice where all vertices have the same Ș, which just reduces to the original 
Barabási-Albert model. If Ș is broadly distributed, however, the degree distribution will be a sum 
over power laws with a wide range of different exponents, which will not in general yield another 
power law. 

The solution above does not tell the whole story. There are some interesting features of this 
model that are missing from Eq. (14.129). To see this, let us calculate the average degree of a 
vertex in our network. This might seem like a pointless exercise—the average degree must take the 
value 2c since exactly c edges are added for every vertex—but in fact the calculation is quite 
revealing. The average degree is given by

 

(14.131) 
  

The sum can be performed by making use of the integral form of the beta function, Eq. (14.33), 
and gives 
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Vertices of varying quality or attractiveness 

l  In order to avoid divergence we should have ρ(η)=0 for 
η≥η0, with 0≤η0<µ/c 
§  Assuming that this holds true we have: 

l  The integral is a monotonically decreasing function of µ 
§  When µ goes to infinity the integral takes its lowest value of 1 
§  When µàcη0 the integral takes its largest value 

ü Depending on the choice of ρ(η) this largest value can be less than 
2 
o  How can this be possible???!  
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Vertices of varying quality or attractiveness 

l  The answer to the above question is subtle and interesting 
at the same time 

l  A degree probability distribution cannot capture all the 
details for the vertices 
§  If we have a fixed number of nodes whose degree scale in 

proportion (i.e., keeps increasing) to the network size, then: 
ü These nodes do not contribute anything to the degree distribution 

at the limit of large n (i.e., even if we remove these nodes for the 
computation of the degree distribution the result will be the same 
for all practical purposes) 

ü However, they make non-zero contribution to the average degree 
of a network  
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Vertices of varying quality or attractiveness 

l  Bianconi and Barabasi referred to the existence of such 
vertices as condensate 
§  For some choices of ρ(η) this condensate indeed appears 

ü “Superhubs” with high degree 

l  In this condensate the average degree can be written as: 

§  Where K is the sum of the degrees of the nodes that are in the 
condensate 

§  Now, no matter what the value of the integral is, we can make 
the average degree equal to 2c by making K sufficiently large 
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Vertices of varying quality or attractiveness 

l  The integral takes its largest value for µ!cη0, which 
means that K should scale with the size n of the network: 

 
l  In conclusion, depending on the choice of the fitness 

distribution the network can exhibit two states: 
§  Case 1: The distributions of the degrees of vertices with any 

given fitness follows power law with a fitness-dependent 
exponent, but no vertices exhibit special behavior (i.e., no 
overall power law) 

§  Case 2: A condensate of one or more “superhubs” exists.  The 
rest vertices still follow a power law for each value of fitness   
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Vertices of varying quality or attractiveness 

l  Intuitively, the above results can be interpreted as follows 
§  Nodes with large fitness, can enter the system in late stages of 

the network evolution and still obtain high degrees 
ü Multiscaling: the time dependence of a node’s connectivity 

depends on the fitness model 

l  If the fitness distribution is not bounded the asymptotic 
results still hold true for arbitrarily large time periods 
§  There is still a fittest vertex in the network and the latter cannot 

know whether the fitness value is bounded 
§  The main difference is that µ changes with time  
§  Furthermore, as time goes by the changes in the fittest value 

are more rare 
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Vertex copying models 

l  By defining: 

§  The previous equations gets: 

§  This is exactly the same equation as for Price model! 

l  Following exactly same analysis as for the Price model we 
can write the master equation and solve for the degree 
distribution 
§  The result is that the in-degree distribution follows a power law 

tail with exponent:  
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Vertex copying models 

l  Since γ≥0, the exponent takes values from 2 to infinity 
§  Faithful copies (γ close to one) lead to exponents close to two 

l  Other calculations from the Price model carry over as well 
§  However, the two models while giving the same degree 

distribution are not the same!  
§  The networks created from these two processes can differ in 

various structural properties 
ü For instance, the outgoing edges of a node in the vertex copying 

model will be similar to those of at least one other vertex 
o  Similar correlations do not exist in Price model   
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Vertex copying models 

l  The importance of vertex copying models is also related 
with the fact that not all power law networks originate from 
preferential attachment processes! 
§  We need to be very careful identifying the reasons that lead to 

the structure of real networks 

l  While preferential attachment can be an intuitive 
explanation for many networks, it appears to be 
implausible for others 
§  E.g., biological networks 
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Network optimization models 

l  The models that we have examined up to now consider the 
network evolution through a growth process 
§  New nodes are added, these are adding new edges, edges can 

be deleted etc. 
§  Decentralized process, unaware of the large scale topology 

created 

l  Some type of networks evolve due to the need for 
optimization 
§  In many cases (e.g., transport, distribution etc.), networks need 

to achieve specific goals and this drives their design and 
structure 
ü The topology cannot be explained through a growth process 
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Travel time and cost trade-offs 

l  Case study: airline network 
l  In an airline network there are two conflicting factors 

§  Airline companies – operating on very small profit margins – 
want to minimize every possible operation cost 
ü Less connection flights correspond to less cost 

§  Airline customers want to reach to their destination fast (i.e., 
less connections) 
ü This would require more connection flights (fully connected 

network) 

l  While the costs and benefits are way more complicated 
simple models can help obtain intuitions as in social 
networks 
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Ferrer i Cancho & Sole model 

l  In this model the cost of operating the network is 
represented by the number of edges m present  

l  The customer satisfaction is captured from the average 
distance l between two vertices (i.e., average number of 
legs required to travel between two points) 
§  In reality l is a measure of dissatisfaction  

l  The goal is to design a network that minimizes both m and 
l at the same time 
§  This is not possible in general 

ü The minimum value of l is achieved by having a full mesh/clique, 
which maximizes m 
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Ferrer i Cancho & Sole model 

l  Ferrer i Cancho and Sole introduced the quality function: 

l  We can calculate E for a given network 
§  Assuming we have a given number of vertices n, what is the 

topology that minimizes E? 
§  λ controls the trade-off between the operational cost and 

customer satisfaction 
ü If λ=0 à purely maximize customer satisfaction 
ü If λ=1 à purely minimize network operational cost 
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Ferrer i Cancho & Sole model 

l  We restrict our study in networks with one single 
connected component 

l  The smallest value for m=n-1  
§  Tree networks with n vertices 

l  Given that λ is reasonably large (i.e., we place some 
importance on minimizing the operational cost), the 
optimal network is found by setting m=n-1 
§  This means that we have to search among all possible trees 

with n vertices that minimize the average path between two 
nodes 

67 



Ferrer i Cancho & Sole model 

l  The tree that minimizes the average path length is a star 
graph (why?) 

l  It can be shown that for:               the hub and spoke 
topology is the optimal 
§  From the above conditions it appears that even for moderate 

size networks the star graph is the optimal solution  

l  This model is trivial and the solution can be  
analytically found 

§  Global optimal solution 
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of the edges in that network to find the smallest value possible. If Ȝ = 1, then E = m and this 
process is equivalent to just minimizing the number of edges without regard for path lengths. If Ȝ = 
0 then E = ˜Gand we are minimizing only average path length without regard for m. For values in 
between, we are striking a balance between number of edges and path length, with the precise 
weight of each term controlled by our choice of Ȝ. 

At some level, this model is a trivial one. Observe that the value of ˜Gbecomes formally infinite 
if there is any pair of vertices in the network that is not connected by a path—i.e., if the network 
has more than one component—since the distance between such pairs is by convention considered 
infinite (see Section 6.10.1). Thus the minimum value of E must be for a connected network, a 
network with just one component. Observe also that the minimum value of m for a connected 
network is m = n í 1, where n is the number of edges. This is the value for a tree, which is the 
connected network with the smallest number of edges (see Section 6.7). 

 

A star graph of 25 vertices. 
  

Provided Ȝ is reasonably large, so that we place a moderate amount of weight on minimizing m, 
the network with the best value of E(m, ˜) is then found by giving m its minimum value of n í 1, 
which constrains the network to be a tree, and searching through the set of possible trees to find 
the one that minimizes ˜. In fact, the latter task has a simple, known solution: the minimum value 
of ˜Gamong trees with n vertices is obtained by the star graph, the network in which there is a 
single central hub connected by a single edge to each of the n í 1 remaining vertices. By definition 
there are always exactly m pairs of vertices with geodesic distance one in any network—the pairs 
that are directly connected by an edge—which means that in a tree there are n í 1 such pairs. 
Among the set of all trees, therefore, the value of the mean distance ˜Gis governed by the numbers 
of pairs with distances of two or more, since the number with distance one is fixed. But in the star 
graph all other pairs have distance exactly two—the shortest (indeed only) path from any (non-
hub) vertex to any other is the path of length two via the hub. Thus there can be no other tree with 
a smaller value of ˜. 

Thus, for sufficiently large Ȝ, the optimum network under the quality function (14.148) is always 
the star graph. This is satisfying to some extent: it offers a simple explanation of why the hub-and-
spoke system is so efficient. It offers short journeys while still being economic in terms of the 
number of different routes the airline has to operate. But it is also, as we have said, somewhat 
trivial. The model shows essentially only the one behavior. For smaller values of Ȝ other behaviors 
are possible, but it turns out that the value of Ȝ has to be really small: non-star-graph solutions only 
appear when
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Ferrer i Cancho & Sole model 

l  However, many times the global optimal solution is not 
easy to be obtained 
§  Utility function can be complicated 

l  In these cases we can look for local minima using a 
random hill climber algorithm 
§  We start from a random network  
§  We randomly pick a pair of vertices 

ü If they are connected, we calculate the value of E(m,l) if we remove 
this edge 

ü If they are not connected, we calculate the value of E(m,l) if we add 
an edge between them 
o  In both cases if E(m,l) reduces we keep the change 

§  We continue this process until the value of E(m,l) stops 
improving 69 



Ferrer i Cancho & Sole model 

l  Clearly optimization processes like the above can be 
trapped to local minima 
§  The fact that an addition or deletion of a single edge is not 

improving the utility function does not mean that we cannot 
globally improve the network 

l  Using similar greedy algorithms the solutions we get in 
our case depend on the value of λ 
§  Larger values of λ appear to be harder to deal with 
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(14.149) 
  

Since the expression on the right-hand side dwindles rapidly as n becomes large, the optimal 
network is the star graph for almost all values of Ȝ, even for networks of quite modest size. 

In their paper, however, Ferrer i Cancho and Solé did not perform precisely the calculation we 
have done here. Instead, they took a different and interesting approach, in which they looked for 
local minima of E(m, ˜), rather than the global minimum. They did this numerically, starting with 
a random network, repeatedly choosing a pair of vertices at random, and either connecting them by 
an edge if they were not already connected or deleting the edge between them if they were. Then 
they compared the value of E before and after the change. If E decreased or stayed the same, they 
kept the change. If not, they reverted back to the state of the network before the change. The whole 
procedure was then repeated until the value of E stopped improving, meaning in practice that a 
long string of attempted changes were rejected because they increased E. 

An algorithm of this kind is called a random hill climber or greedy algorithm. The networks it 
finds are networks for which the value of E cannot be reduced any further by the addition or 
removal of any single edge. This does not mean, however, that no lower values of E exist: there 
may be states of the network that differ by more than one edge—the addition and deletion of 
whole regions of the network—that have better values of E. But if so, the algorithm will not find 
them. It comes to a halt at a local minimum where no single-edge change will improve the value of 
E. 

When studied in this way, the model shows an interesting behavior. For large values of Ȝ, where 
the addition of an edge costs a great deal in terms of the value of E, the algorithm rapidly runs into 
trouble and cannot find a way to improve the network, long before it gets anywhere close to the 
optimum hub-and-spoke arrangement. When Ȝ is small, on the other hand, the algorithm typically 
manages to find the star graph solution. The result is a spectrum of networks that range from a 
random-looking tree to a star-graph, as shown in Fig. 14.10. 

What’s more, Ferrer i Cancho and Solé found that the degree distributions of their networks 
show interesting behavior, passing from an exponential distribution for large Ȝ, though a transition 
point with a power-law degree distribution, to approximately star-like graphs for small Ȝ in which 
one vertex gets a finite fraction of all the edges and the remaining vertices have low degree. This 
spectrum is reminiscent of the behavior of continuous phase transitions such as the transition at 
which a giant component appears in a random graph (see Section 12.5), in which an initially 
exponential distribution of component sizes passes through a transition to a regime in which one 
component gets a finite fraction of all vertices and the rest are small. 

 

Figure 14.10: Networks generated by the optimization model of Ferrer i Cancho and Solé. 
The optimization model described in the text generates a range of networks, all trees or 

 

 

 



Gastner & Newman model 

l  Gastner and Newman consider not only the number of 
legs of a journey but also the total distance traveled 
§  There is a delay associated with every plane change/journey leg 

(e.g., taxiing, security, disembarking, embarking etc.) 
§  And there is a delay associated with the actual flight time 

between two points 
§  Assuming that the first delay is constant for every leg, while the 

latter depends on the actual spatial distance between i and j we 
have: 

§  By varying the values of µ and ν we can place more importance 
to the number of legs traversed or the distance traveled 
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Gastner & Newman model 

l  Now the quality function becomes:  

§  Where t is the average shortest path distance between pair of 
vertices when distances are measured in terms of travel time 

l  While the two models appear to be very similar there is a 
crucial difference 
§  Gastner and Newman’s model require vertices to be placed on 

specific positions on the map (spatially embedded) 
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E(m, t) = λm+ (1−λ)t, 0 ≤ λ ≤1

did. In practice, unfortunately, the global optimum is hard to find, so one often has to make do 
with approximate optima. Gastner and Newman used the numerical optimization technique called 
simulated annealing to find good approximations to the global optimum, but we should bear in 
mind that they are only approximations. 

Figure 14.11 shows optimal or approximately optimal networks for various values of the 
parameters ȝ and Ȟ. The leftmost frames of the figure correspond to small ȝ and large Ȟ, meaning 
that the cost to the traveler of a trip is roughly proportional to the total mileage traveled and the 
number of legs has little effect. In this case, the best networks are ones that allow travelers to travel 
in roughly straight lines from any origin to any destination. As the figure shows, the networks are 
roughly planar in appearance. They look reminiscent of road networks, rather than airline routes, 
and this is no coincidence. Travel times for road travelers are indeed dominated by total mileage: 
there is almost no ɂper legɂ cost associated with road travel, since it takes only a few seconds to 
turn from one road onto another. It is satisfying to see therefore that the simple model of Gastner 
and Newman generates networks that look rather like real road maps in this limit. 

Figure 14.11: Networks generated by the spatial network model of Gastner and Newman. 
The four frames show networks that optimize or nearly optimize the quality function, Eq. (14.148), 
with ˜Gdefined according to the prescription of Gastner and Newman [137] in which the lengths of 
edges in the network are chosen to represent the approximate travel time to traverse the edge. 
Travel time has two components, a fixed cost per edge and a cost that increases with the Euclidean 
length of an edge. The frames show the resulting networks as the relative weight of these two 
components is varied between the extremes represented by the network on the left, for which all of 
the weight is on the Euclidean length, and by the network on the right, for which cost is the same 
for all edges. The resulting structures range from road-like in the former case, to airline-like in the 
latter. Adapted from Gastner [135]. 
  

The rightmost frames in the figure show optimal networks for large ȝ and small Ȟ—the case 
where it is mostly the number of legs that matters and the length of those legs is relatively 
unimportant. As we saw for the model of Ferrer i Cancho and Solé, the best networks in this case 
are star-like hub-and-spoke networks, and this is what we see in the present model too. 

Thus this model interpolates between road-like and airline-like networks as the parameters are 
varied from one extreme to the other. Note that the parameter Ȝ governing the cost of building or 
maintaining the network is held constant in Fig. 14.11. In principle, we could vary this parameter 
too, which would affect the total number of edges in the network. For higher Ȝ sparser networks 
with fewer edges would be favored, while for lower Ȝ we would see denser networks. 

The work of Gastner and Newman still suffers from the drawback that the results are numerical 
only. More recently, however, some results for the model have been derived analytically by 
Aldous [15]. The interested reader is encouraged to consult his paper.

 

 




