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Abstract

We present a new approach for designing survivable networks. In this scheme,
we explicitly introduce slack on directed cycles of the network, which are used to
reroute disrupted flow under failure. We model this scheme using both hierarchi-
cal and integrated framework. We give strong valid inequalities that explicitly
uses survivability requirements. We present a computational study on solving
the integrated model using a column generation method for pricing the cycle
variables and the valid inequalities as cutting planes.

1 Introduction

A network is said to be survivable if all of the demands on the nodes can
be met under the failure of any one of its links. In order to ensure that the
flow on the network can be rerouted in the case of a failure, sufficient spare
(excess) capacity must be available on the working links of the network.

Since over-provisioning of capacity is a major concern due to the high in-
vestment costs required for installing capacity, designing capacity-efficient
survivable networks is a critical problem in the telecommunication indus-
try. A number of strategies have been developed for designing survivable
networks; see for instance, [10, 3, 11, 2, 20]. The reader is referred to [18]
for an overview of survivable network design problems and a synthesis of
the related literature.
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Recently there has been an increased effort in designing hybrid networks
that would achieve reconfiguration times down to the regime of rings, but
without giving up the desired capacity—efficiency of a mesh/general net-
work. There are two limited senses in which hybrids are already being
implemented in telecommunication networks. One is the principle of “ring
access and mesh transport.” In this widely used form of hybrid, restora-
tion is applied for backbone networks and SHRs are used for Local Area
Networks (LANs). A second practice that could be called a type of hybrid
is “meshed-rings”, which is really ring-based networking with inter-ring
transitions being managed by restoration. The third type of hybrid net-
works allows for the allocation of capacity on various cycles to act as rings.
Any fraction of a commodity may now be routed on these rings, and is
inherently survivable (see [12] for details). The rest of the commodity is
routed as in a mesh—network.

Here we focus on a fourth approach for designing hybrid networks, which
involves the use of failure-flow patterns for restoration of disrupted flow. It
uses a mesh network for no—failure routing, but utilizes specified patterns
for routing flow in case of disruption. We build on [13], in which the authors
first determine link capacities and routing of commodities for the no-failure
scenario, and then add undirected rings (p-cycles) on the network in order
to cover working link capacities. Our approach differs from [13] in three
aspects. Firstly, in the hierarchical scheme, we explicitly introduce slack
on directed cycles of the network in such a way that flow on each disrupted
arc can be rerouted through the slack; thus existing slacks in the network
are utilized as well. Secondly, with an integrated model that incorporates
survivability into routing decisions, we determine working capacities as well
as excess capacities simultaneously. Thirdly, as a first step of a detailed
study, here we do not allow covering of flow on chords of a cycle. This
simplifies column generation and polyhedral analysis significantly.

The proposed models are presented in Section 2. In Section 3, we give
polyhedral valid inequalities that explicitly consider the survivability re-
quirements. Section 4, we present computational results that compares
the installed capacity for the hierarchical model and the integrated model.
'The computational results also show that the cutting planes developed here
improve the performance of the solution process significantly. Finally, in
Section 5, we conclude by discussing directions for future research.



2 Designing survivable networks using cycles

In this section we present two mixed-integer programming models for de-
signing survivable networks using directed cycles. We utilize directed cy-
cles to introduce sufficient slack on top of the no—failure flows, so that the
flow on each arc can be rerouted along these cycles. Observe that excess
capacity (slack) on a directed cycle provides coverage for flows in the re-
verse direction to the arc on the cycle. In Figure 2, the directed cycle (in
bold) covers disrupted flow on arc (1,2) in the reverse direction. If arc link
(1,2] fails, the flow along arc (1,2) can be sent from node 1 to node 2 along
the cycle.
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2.1 Hierarchical approach

First, we present a hierarchical scheme for designing survivable networks
using cycles. In this scheme, we first solve the network design model with-
out survavibility requirements (NDP). Then, we use the optimal solution
(no—failure flows and working capacity) from (NDP) as input to the spare
capacity assignment model, where we explicitly introduce slack into the di-
rected cycles so that the no-failure flow on each arc can be safely rerouted
along these cycles.

Let f;; be the amount of flow through arc (i) € A, and w, be the
working capacity in the no—failure scenario (obtained as the solution to
(NDP)). Let C be the set of directed cycles of the network. Define a

cycle variable z. to denote the amount of slack introduced for cycle ¢ € C.
For directed cycle ¢ € C and arc (ij) € A let af; be 1 if ¢ includes (i), 0
otherwise. Define capacity variable Y[s5) as the amount of capacity installed
on edge [ij] € E, and let h, be the cost of installing unit of capacity on
edge e. Then the Spare Capacity Assignment (SCA) can be formulated as

min MU heYe

ecE
s.t.: MQM&NG > fi V(ij) € A (1)
ceC
(SCA) \.@. + MU QMM.Nn Swe+ye Y(ij)EA e= Ti va
ceC

Ye €Zy Vee E, 2z2.€Ry VYeeC

Constraints (1) ensure that for each arc (i5) the total slack introduced
on the directed cycles with the reverse arc (j7) is at least the total flow
on (ij). Constraints (2) ensure that capacity installed on link [ij] is large
enough to accommodate the flow routed on arc (ij) as well as the slack
introduced on the arc.

2.2 Integrated approach

Next, we present a model for simultaneous routing of flows and cycles.
Here, all decisions (no—failure routing, allocation of cycles and installation
of capacity) are made at the same time. Therefore, the integrated model
provides a network with a cost that is at most the optimal cost of the
hierarchical model.

Let z,y,h and « be as defined in Section 2.1. Define variable &w as the
amount of commodity k flowing through arc (i) € A in the no-failure
scenario, and let ,&w be the cost associated with routing each unit of the
commodity. Let b¥ be the supply of commodity & at node i. (b¥ is negative

if 2 is a demand node.) Then the Simultaneous Routing of Flows and Cycles



(RFC) can be formulated as

min MU M &waw + Mvm@m

(if)eAkeK ecE
s.t.: S>ooahi— > k=, Vie N,Vke K  (3)
j:(Fi)eA J:(if)EA
(RFC) >k —> afz <0 Y(ij) € A (4)
keK ceC
dah+> afze <we V(ij) € A, e =[ij] (5)
keK ceC

Y €Ly Ve€E, z,€Ry VeeC, zf; € Ry V(ij)€ A, Vk€ K.

Constraints (4) ensure that for each arc (¢5) the total slack installed on
the directed cycles with the reverse arc (ji) is at least the total flow on
(7§). Constraints (5) ensure that capacity installed on link [ij] is large
enough to accommodate the flow routed on arc (ij) as well as the slack
introduced on the arc.

Since we route flows and cycles simultaneously, (RFC) is an improve-
ment on a hierarchical framework using cycles for ensuring survivability.
Computational experiments in Section 4 show that significant savings are
achieved over (SCA).

2.3 Pricing cycle variables

Interestingly, (RFC) requires only one additional constraint for each arc
than the regular network design problem. However, the number of cycle
variables is exponential in the number of arcs, and all of the variables
cannot be included in the model when solving large instances. Therefore,
we develop a column generation scheme to include the cycle variables into
the model as they are needed.

Given an LP-relaxation solution (Z,7, Z) to (RFC) (see Section 2.2), we
now search for a cycle ¢ with negative reduced cost, if one exists. Let
(w, u, v) be the dual variables corresponding to constraints (3), (4) and (5)
respectively. Note that w is unrestricted in sign and u,v < 0. For each
arc (ij) on cycle ¢, the variable z. appears twice in the formulation: 1. in

constraint (4) for arc (ji) with coefficient —ag;; and 2. in constraint (5)

with coefficient af;. Then, given a dual solution (u, v, w), the reduced cost
of cycle ¢ is: }-,. 4(uji — vij)cf;. We define the Cycle Pricing Problem
(CPP): either find a negative reduced—cost cycle with at least three arcs,
or conclude that no such cycle exists. CPP is solvable in O(mn?) with a
variant of the Bellman-Ford algorithm [1]. A delayed column generation
approach that detects negative cycles in the network is developed and used
to price the cycle variables.

3 Strong valid inequalities

Cutting plane methods have been successfully used in solving network
designing problems (see [4], [5], [6], [7], [8], [9], [16], [17]). In particular,
cut-set and partition inequalities have been shown to be very effective
in practice. In this section, we describe strong polyhedral inequalities
that explicitly utilize the cycle variables for ensuring survavibility of the
network.

3.1 2-—partition inequalities

First, we derive valid inequalities for (RFC) based on its single-commodity
cut—set (2-partition) relaxation. Let (U, V) represent a non—empty parti-
tioning of the network. Let A" be the arcs directed from U to V, A~ be
the arcs directed from V to U, and d denote the supply of a commodity
inU for V.

Consider the following cut-set relaxation of (RFC)

z(AT) - z(A”) =d (6)
Zo + 24 < Ya Va e A ()
0<z, <2z Vac A (8)
2(AT) = 2(47) 9)

where z, denotes the flow on arc a, z, the capacity reserved for cycle
variables on arc a and y, the units of capacity installed in arc a. @ is used
to indicate the arc in the reverse direction of arc a.



Constraints (6) are obtained by aggregating the flow balance constraints
across the cut-set in the single—commodity formulation of (RFC). Con-
straints (7) and (8) are the capacity and survivability (flow restoration)
constraints for the arcs in the cut-set. Constraint (9) ensures that the
net capacity reserved for cycles across the cut-set is the same in either
direction, since any directed cycle which goes across the cut-set (using
arcs in A™) also has to come back across the cut-set (using arcs in A™);
see Figure 2. We denote the convex hull of all feasible points that satisfy
(6), (7), (8) and (9) by Fo.
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Figure 2: Cut-set

Before presenting a class of cut—set inequalities for F, we motivate
and explain the simplest variant of the inequalities. The net flow across
any cut—set must be at least d. Furthermore, since the network has to
be survivable, the net slack allocated for cycles across the cut—set must
be sufficient to cover this flow. Consequently, the net capacity across this
cut-set must be at least the sum of these two values, each of which must
be at least d. Finally, since the capacity variables are integral, we can
round up 2d to the smallest greater integer, giving us the inequality

y(AT) = [2d] (10)

Defining n = [2d] and r = 2d— |2d], we can generalize this inequality to
include flow and cycle variables, and also variables in the reverse direction
of the cut-set.

Theorem 3.1. For St C At and S~ C 5§+, the cut-set inequality
2(AT\ ST) + ry(ST) + (AT \ ST)
+(1=r)y(§7) —2(57) —z{At\5*) =

(11)
is valid for F¢.

Inequality (11) is not always facet—defining for F¢; however, it often
defines a high dimensional face. Next, we present necessary and sufficient
facet—defining conditions for (11).

Theorem 3.2. Let S~ = (). Then inequality (11) is facet-defining for Fo
if and only if r > 0 and ST # ).

ry(ST) + (AT \ ST) + 2(AT\ ST) —z(A+\ ST) >y (12)

For a fixed cut—set A, the separation problem of (11) is trivial: given
(7,7,%), if (1 -r)7, > T, for a € A™, then we include @ in ST if ry; <
Tz + Zg — T,. On the other hand, if (1 — r)g; < Tz for a € AT, then we

include @ in S* and @ in S~ if ry, + (1 —r)T; < T, +Z,. However, finding
the best cut-set A is not easy.

3.2 3—partition inequalities

Consider a non—-empty partition (A, B, C) of the network. Let AB be the
arcs directed from A to B, and similarly define the other arc-sets. For each
proper subset (U) of {A, B, C}, we define Ey as the arcs from U to N\ U,
and dy the net supply of U. Let ny = [2dy]. and ry = 2dy — |2dy]. We
further divide each set of arcs into 2 groups (AB into AB; and AB>).

Now, we can write cut-set inequalities for all the possible partitions
(U, N\ U). Exactly half of these inequalities are always dominated, since
nu or ny\y is 0. There are six such inequalities; here we present two of
them.

ﬁ\»m\A\w.me U \wQHv + HA\Amw U \wav
+NA\»~Ww U \wQMV — Hﬁm\ww U Q\wwv > TANA
ﬁm@AlmH U mva + .&.Am\»w @] wav
+2(BA; U BCy) — 2(ABy UCBy) > rpns
Adding (13) and (14) we get

(ra +rB)Y(AB1) + ray(AC1) + rpy(BCi) + 2(AC2 U BCy)
IRAQ\»N U Qmmv + NA\»mw UBA,UACU wav 2 TANA+TBYB

(13)

(14)



Dividing this inequality by (r4 + rg), and applying MIR, we get the 3-
partition inequality
r(ra+re)y(AB1) + ray(ACy) + rpy(BCh) + z(AC; U BC,)
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— [ranatrens
where n= _.3

ranatrene __ _.ﬂ>3>+3w:w ._

._ and r = ra+rp rA+TB

For a fixed non-empty partition (A, B,C), the separation problem of
(15) is simple. Given (¥,Z,%) for a € AB, we include a in ABy if r(r4 +
TB)Y, < Za+Zg. Fora € BC, weinclude a in BC, if rgT,+ < T, +Z,—Tz-
For a € AC, we include a in AC, if r4y,+ < Ty + Z, — Tz

4 Computational Results

In this section, we present the results of a computational study undertaken
to study the capacity requirements of simultaneous routing of flows and
cycles (RFC) vis-a-vis a hierarchical approach (SCA), and regular net-
work design without survavibility requirements (NDP). We also test the
effectiveness of the cuts presented in Section 3. We solve all instances us-
ing CPLEXS8.1 MIP solver on an Intel Pentium4 2GHz Linux workstation
with 1GB memory. We terminate each run after one hour of CPU time
if the optimal solution has not been obtained yet, and recover the best
feasible solution.

We randomly generated one instance each of network size (n) from 5 to
12, with 75% link density and 50% demand density. In order to reduce
the problem size, we aggregate demands by node at the source, thus using
demand trees instead of demand pairs. We price cycles to optimality at
the root node of the branch-and-bound tree. We noticed that using cycles
(RFC) to design survivable networks allows us to work with formulations
of roughly the same size as (NDP). (SCA) has roughly the same number
of constraints as (RFC), but much fewer variables since the flow is prede-
termined — however, one must first solve (NDP) before solving (SCA).

First, we compare the time taken to solve the various models, and the
minimum amount of capacity required. In Table 1, if a problem is solved
to optimality in 1 hour, we report the optimal objective value and the
elapsed CPU time in seconds, otherwise we report the percentage gap

between the objective value of the best known feasible solution and the
best lower bound at termination, and the objective value of that feasible
solution.

Size Time/(End Gap) Best IP soln
n NDP SCA RFC | NDP SCA RFC

0.03 001 006 | 505 1103 1035
0.16 002 0231205 251.7 2356
0.27 003 2291034 2223 1894
2.88 004 14.0 | 1466 2862 259.6
517.1 015 209 | 1727 3649 3116
10 | (1.6) 021 (0.3)|2358 4576 4324
11 | 1216 0.16 (0.8) | 289.3 5627 527.1
12 | (3.0) 030 (2.7)|3260 6412 5921
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Table 1: Comparing the models

Comparing the capacity requirements of the models, we see that (SCA)
needs about 100% more than (NDP), whereas (RFC) on the average re-
quires 80% more, a saving of 10%. Comparing the models in terms of ease
of solvability, we see that (SCA) takes the least amount of time. However,
one must understand that we first need to solve (NDP) before using this
solution as an input to (SCA). Interestingly, (RFC) is not any harder to
solve than (NDP).

Next, we investigate the effectiveness of polyhedral survavibility inequal-
ities presented in Section 3 when used as cutting planes to improve the
linear programming relaxations. We report the improvement of the in-
tegrality gap at the root node and its effect on the number of branch-
and-bound nodes and the solution times, with and without the cuts. The
default CPLEX cuts are added in both runs. In Table 2, we summarize the
computations on dense graphs (75% link density). We see that we obtain
more than twice as much integrality gap improvement at the root when
survavibility cuts are added. This leads to significant reductions in the
number of nodes and solution time. In particular, we were able to solve
problems 10 and 11 to optimality within an hour, which was not possible
without the survivability.

We measured the effect of the cuts for sparse graphs (with 25% link
density) as well; see Table 3. Again, in all the instances, the new cuts



Size Root impr. B&B nodes Time/(End Gap)
n Def Surv cuts Def Surv cuts Def Surv cuts
5 76.5 77.1 47 70 0.06 0.07
6 30.6 100 279 0 0.23 0.01
7 24.0 72.0 2298 172 2.29 0.32
8 34.6 71.6 7060 855 14.0 2.13
9 38.1 78.4 7122 369 20.9 2.12
10 | 314 74.6 | 1476571 60559 | (0.3) 164
11 | 41.2 66.5 558102 159407 | ( 0.8) 1331
12 | 223 49.6 | 264203 200180 | ( 2.7) (1.3)

Table 2: Dense graphs

result in a large reduction of the integrality gap at the root node. In fact,
two instances are solved without branching when cuts are added. Based
on these computations, we can state that the survivability cuts developed
in the previous section improve the performance of the solution process
significantly.

Size Root impr. B&B nodes Time/(End Gap)
n Def Surv cuts Def Surv cuts Def Surv cuts
5 83.6 100 6 0 0.02 0.01
6 23.2 95.2 45 10 0.06 0.04
7 36.0 85.6 88 51 0.08 0.07
8 43.5 94.1 50 0 0.06 0.03
9 33.0 77.3 8672 477 13.2 1.12
10 | 26.3 55.1 58973 27752 73.6 39.6
11 | 31.6 59.8 | 296569 31545 784 93.9
12 | 124 44.1 | 803131 781598 | ( 1.3) (0.7)

Table 3: Sparse graphs

5 Conclusions

We introduced a new methodology for designing survivable networks that
explicitly introduces slack on directed cycles of a network. We first pre-

sented a hierarchical framework, and then extended it in a model that
makes all routing and capacity decisions simultaneously. Even though one
class of variables was exponential in size, we priced them exactly using
a column generation scheme. We also studied the polyhedral structure of
the mixed integer programming model and developed strong cutting planes
that were quite effective in practice. Finally, we confirmed the advantages
of the new model and the effectiveness of the cuts by implementing them in
a branch-and-cut-and-price algorithm. The integrated approach provided
savings of about 10% over the hierarchical scheme. The survivability cuts
improved the computations significantly.

Our experiments suggest that simultaneous routing of flow and cycles
is an computationally effective way for designing survivable networks. At
the same time, we can possibly reduce the capacity requirements further
by considering other failure-flow patterns, for instance, by using chords
of the directed cycles as well. We will explore the pricing complexity
and polyhedral structure of this more complicated failure pattern in a
subsequent paper.
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